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Abstract 

The cosmological constant problem is turned around to argue for a new foundational 
physics postulate underlying a consistent quantum theory of gravity and matter, such 
as string theory. This postulate is a quantum equivalence principle which demands a 
consistent gauging of the geometric structure of canonical quantum theory. We argue 
that string theory can be formulated to accommodate such a principle, and that in such 
a theory the observed cosmological constant is a fluctuation about a zero value. This 
fluctuation arises from an uncertainty relation involving the cosmological constant and 
the effective volume of spacetime. The measured, small vacuum energy is dynamically 
tied to the large "size" of the universe, thus violating naive decoupling between small 
and large scales. The numerical value is related to the scale of cosmological supersym- 
metry breaking, supersymmetry being needed for a non-perturbative stability of local 
Minkowski spacetime regions in the classical regime. 
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1 Vacuum energy in quantum gravity 



Recent cosmological observations suggest that we live in an accelerating Universe PQ |2] . One 
possible engine for late time acceleration is an unseen "dark energy" that comprises 74% 
of the total energy density in the Universe. The leading candidate for dark energy is the 
energy in the vacuum itself, and the data suggest a small, positive cosmological constant. 
This leads to a two-fold cosmological constant problem 

1. Why is the energy density in the vacuum so small compared to the expectation of 
effective field theory? 

2. Why are the energy densities of vacuum and matter comparable in the present epoch? 

The first cosmological constant problem concerns both ultraviolet and infrared physics. 
In quantum field theory, the cosmological constant counts the degrees of freedom in the 
vacuum. Heuristically, we sum the zero-point energies of harmonic oscillators and write 



The sum is manifestly divergent. Because quantum field theories are effective descriptions 
of Nature, we expect their validity to break down beyond a certain regime and be subsumed 
by more fundamental physics. We may introduce a high-energy cutoff to regulate the sum, 
but E wac will then scale with the cutoff. The natural cutoff to impose on a quantum theory 
of gravity is the Planck energy M-p\- This prescription yields an ultraviolet enumeration of 
the zero-point energy. 

In the infrared, the cosmological constant feeds into Einstein's equations for gravity: 



Present theories of quantum gravity are unable to deal with the cosmological constant prob- 
lem. Here we are concentrating on string theory, as the only known example of a consistent 
theory of perturbative quantum gravity and Standard Model like matter. In perturbative 
string theory, the dynamics of the background spacetime are determined by the vanishing 
of the /3-functional associated to the Weyl invariance of the worldsheet quantum theory; 
eq. (J2J) is then corrected in an a' expansion. In either case, the vacuum is just any solu- 
tion to these equations. We compute the vacuum energy in quantum field theory, include 
it on the right hand side of the gravitational field equation, and find that spacetime is not 
Minkowski. Although the Einstein equations are local differential equations, the cosmological 
constant sets a global scale and determines the overall dynamics of spacetime. Our Universe 
is approximately four- dimensional de Sitter space (dS) with A m 10 — 120 iV<fp 1 . 

Quantum theory (as presently understood) therefore grossly overcounts the number of 
vacuum degrees of freedom. There is no obvious way to reconcile the generic prediction 
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of effective field theory that the vacuum energy density should be Mpj with the empirical 
observation that it spectacularly is not. 1 

The question of defining a vacuum in gravity is always tied to asymptotic conditions. We 
are solving eq. (J2J), which is a differential equation, and boundary conditions are an input. 
This methodology is imported to quantum gravity. For example, in target space, string 
theory is formulated as an S-matrix theory whose long wavelength behavior is consistent 
with an effective field theory for gravity. But the effective field theory in the infrared, 
in all cases that have been even partially understood, is particularly simple: infinity is 
asymptotically flat or it is asymptotically anti-de Sitter space (AdS) or it is a plane wave 
limit. The formulation of string theory as a consistent theory of quantum gravity on de 
Sitter space, which the present second inflationary phase of our Universe resembles, or in 
more general curved (time-dependent) backgrounds with (at best) approximate isometries is 
not at all understood. 

The vacuum energy problem can also be couched in the following way. In quantum field 
theory in flat space the vacuum is clearly defined as in quantum mechanics. Vacuum energy 
is just the expectation value of the Hamiltonian in its ground state. But what is the energy 
or Hamiltonian in a quantum theory of gravity, and what is the vacuum or lowest energy 
state? Such concepts must be defined without invoking asymptopia as inputs, for clearly as 
local observers in spacetime, we cannot know what we are evolving towards. How then is 
vacuum energy to be determined when there are no a priori fixed asymptotics and there is 
no Hamiltonian? 

We find a clue in the equivalence principle. In the classical theory of gravity, the nearness 
of a body's inertial mass to its gravitational mass is explained because an observer cannot 
distinguish between gravitation and acceleration. Spacetime is locally indistinguishable from 
flat space (zero cosmological constant). Globally it can be any solution at all to Einstein's 
equations. It is the equivalence principle that is responsible for the dual nature of energy 
and the concept of a vacuum (the actual geometry of spacetime). Because this is the root 
of the problem, we wish to implement the equivalence principle at the quantum mechanical 
level and see what light this throws on the vacuum energy problem. 

In essence, we are turning the cosmological constant problem around, to argue that its 
natural solution (i.e. natural adjustment to an almost zero value) requires a major shift in 
the foundations of fundamental physics. The new fundamental postulate needed is a quan- 

1 There is possibly an illuminating analogy to be drawn with the problem of specific heats in pre-quantum 
physics. There is a \ksT contribution to the energy for each independent degree of freedom: 



where n is an abstract index that labels the degrees of freedoms. The divergence of dE is the ultraviolet 
catastrophe that the Planck distribution remedies. Quantum mechanics resolves the overcounting. In asking 
why the vacuum energy is so small, we seek to learn how quantum gravity resolves the overcounting of the 
degrees of freedom in the ultraviolet. Similarly, in the infrared, the proper formulation of quantum theory 
of gravity should resolve the stability problem ("Why doesn't the universe have a planckian size?"), once 
again in analogy with the resolution of the problem of atomic stability offered by quantum mechanics. 
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turn equivalence principle which demands a consistent gauging of the geometric structure 
of canonical quantum theory. This, we believe, is the missing key element in present for- 
mulations of consistent quantum theory of gravity and matter. To be perfectly honest, our 
analysis of the cosmological constant problem within this new framework is still largely prim- 
itive, mainly because we do not have a sufficient handle on the new mathematical structure 
that is called for by the postulate of a quantum equivalence principle. 

The outline of the paper is as follows. In Section 2, we discuss how measurement differs in 
General Relativity and quantum mechanics. We use this to motivate a proposal for a gauged 
version of quantum mechanics, whose features we review. The canonical quantum theory 
we gauge is just Matrix theory. In Section 3, we note that the spacetime volume and the 
cosmological constant should then be regarded as conjugate quantities and fluctuate accord- 
ingly in the quantum theory. The canonical quantum expectation value of the cosmological 
constant vanishes. What is meant (and observed) by vacuum energy is the fluctuation in A. 
We relate the smallness of the observed cosmological constant to the largeness of spacetime. 
In Section 4, we discuss holography as it relates to our proposal. In Section 5, we comment 
on the coincidence problem and indicate some future directions for this program. 

2 Quantum geometry vs. spacetime geometry 

We start by formulating a generalized geometric quantum theory that mimics the essential 
physical features of General Relativity. In this context we want to view the vacuum energy 
in the light of the peculiar non-local properties of gravitational energy. First we discuss the 
nature of observables and measurement in quantum theory and General Relativity, and then 
the general structure of background independent quantum theory. 2 

2.1 Observables and measurement in QFT and GR 

As Wigner pointed out, measurements are by nature different in quantum field theory and the 
General Theory of Relativity [3]. The Special Theory of Relativity and quantum mechanics, 
as well as their conflation, are formulated in terms of particle trajectories or wavefunctions or 
fields that are functions (functionals) of positions or momenta. Such coordinates are auxiliary 
constructs in the General Theory of Relativity. Consistent with diffeomorphism invariance, 
we can assign almost any coordinates to label events in classical gravity and, by extension, 
in quantum gravity. The coordinates are not in themselves meaningful. Moreover, gravity 
is non-local, as perhaps best manifested in the concept of gravitational energy No local 
gauge invariant observables can exist jB] . The decoupling of scales familiar to local quantum 
field theories is simply not possible. The ultraviolet (UV) physics mixes inextricably with 
dynamics in the infrared (IR). 

Measurements in a theory of gravitation are founded upon the relational properties of 

2 By background independence we mean that no a priori choice of a consistent background for string 
propagation is made. The usage is as in string field theory. 
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spacetime events. Timelike separation of events is measured by clocks, whereas spacelike 
separation is determined more indirectly. 3 Within a quantum theory, events cannot them- 
selves be localized to arbitrary precision. Only for high-energies does it even make sense 
to speak of a local region in spacetime where an interaction takes place. This is a simple 
consequence of the energy-time uncertainty relation. 

The measurements that a bulk observer makes within a quantum theory of gravity are 
necessarily restricted, however. Experiments are performed in finite times and at finite 
scales. The interactions accessed in the laboratory also take place in regions of low spacetime 
curvature. In local quantum field theory, we operate successfully under the conceit that the 
light cone is rigid. There is an approximate notion of an ^-matrix that applies to in- and 
out-states with respect to the vacuum in flat space. Computing scattering amplitudes in 
string theory proceeds through analytic continuation of Lorentzian spacetimes into Euclidean 
spaces with fixed asymptopia. On cosmological scales, this is of course a cheat. Light cones 
tilt. The causal structure, in particular, is not static. We do not in general know the 
asymptotic behavior of the metric at late times. The only data available about spacetime 
are events in an observer's past light cone. Each observer has a different past light cone 
consistent with the histories of all the other observers, and the future causal structure is 
partially inferred from these data. 

A manifold is constructed out of an atlas of local coordinate charts. A sufficiently small 
neighborhood about any point is flat. To solve Einstein's equations, the vacuum energy of 
empty Minkowski space vanishes exactly. Globally, the ratio of the vacuum energy density 
to the expectation of Planck scale physics is extremely close to zero but does not identically 
vanish. We wish to regard the measured, small cosmological constant as the consequence of 
patching together the physics of locally flat spaces consistent with the existence of canon- 
ical gravitational quanta. Instead of working with the spacetime manifold, we employ a 
larger geometric structure whose tangent spaces are the canonical Hilbert spaces of a con- 
sistent quantum mechanics of gravitons. The equivalence principle we employ relies on the 
universality and consistency of quantum mechanics at each point. In every small, local 
neighborhood of this larger structure, the notion of quantum mechanical measurement is 
identical. In particular, local physics in the laboratory is decoupled from the global physics. 
Nevertheless, as we will emphasize in what follows, there is a non-trivial non-decoupling of 
local and global physics when one discusses the quantum origin of vacuum energy. 

2.2 Gauged quantum mechanics 

In order to implement the quantum equivalence principle, we must enlarge the framework 
of quantum theory. 4 The standard quantum theory in these generalized frameworks is a 
special case of a more general theory. We briefly summarize the proposal [3 ED] concerning 

3 There are subtleties regarding the interplay between a suitably microscopic clock and a macroscopic 
apparatus that records the measurement 0- 

4 Generalizations of quantum mechanics have a long history |8II51 |10U11II12| . Most recently, such gener- 
alizations were discussed, for example, in Ref. |3|. 
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this enlargement of quantum theory via its geometric formulation. Put simply, we gauge 
the unitary group of quantum theory, in the same way that the Lorentz group is gauged to 
the general diffeomorphism group in going from Special to General Relativity. 5 To explain 
what we mean by this, it is useful to first recall the geometrical structure of the canonical 
quantum theory. 

It is a well known fact that standard quantum mechanics is exactly captured by the geom- 
etry of P n , a homogeneous, isotropic, and simply connected Kahler manifold with constant, 
holomorphic sectional curvature El E] ■ This is a maximally symmetric space. There is 
a unique Riemannian metric on P n inherited from the inner product on C n+1 that computes 
the distance between two normalized states and \if)') = \ip) + \dip) to be: 

ds 2 = 4 (1 - |<VWf) = 4 «#l#> - (#|V>><^#» • (3) 

This Cayley-Fubini-Study metric is the Fisher distance from information theory ^3]. The 
distance is a distance on the space of quantum events that is determined by the statistical 
fluctuations in the measurements performed to distinguish the first quantum state from the 
second. The metric captures probabilities and the Born rule. We may use the almost complex 
structure to assign coordinates if) a and ip* to P n . In the h —>■ limit, the Fisher metric on 
the quantum phase space described by P n reduces to a spatial metric provided that the 
configuration space for the quantum system under consideration is the physical space itself! 
Canonical quantum theory can be viewed as a Hamiltonian system if Ke(i/j a ) and lm(if) a ) are 
identified with the positions and conjugate momenta q a and p a , respectively. 

The symplectic structure of phase space determines how wavef unctions, or more generally, 
fields propagate. The Schrodinger equation 

jhj t \m) = H(t)\m) (4) 

is the geodesic equation with respect to the Cayley-Fubini-Study metric. The J is the 
almost complex structure on P™ defined in terms of the metric and the symplectic two-form 
on phase space and squares to minus the identity; it is the "i" of any quantum theory. Using 
to denote 4i\ip)i eq. <jBJ) together with the Schrodinger equation (j3J) imply that 

= 4(<^>-<^>(V#>) (5) 

= ^(^l^ 2 |^)-(^l^l^)) 2 ). (6) 

The expression is manifestly invariant under unitary rotation. We recognize that the right- 
hand side of eq. (jHJ) is given in terms of the dispersion in energy AE of the Hamiltonian H: 

ae = (m 2 m - amm 2 , (7) 

5 The gauging of the unitary group means that in general we do not have path integrals, and thus from the 
point of view of the usual analogy between quantum field theory and equilibrium statistical mechanics with 
a Gibbsian measure, the generalized quantum theory should be of non-equilibrium type. No real meaning 
assigns to the states (wavefunctions) , but there is nevertheless a general dynamical statistical geometry of 
quantum theory. 
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and thus we see immediately that 



^ ds = AE dt. (8) 



With a fixed Hamiltonian H, the evolution of an orthonormal basis for C n+1 projected onto 
P n = U(n + l)/(U{n) x U{1)) is simply the geodesic equation: 

dti a 1 

where u a = 4-i/} a - The Yang-Mills field strength F a b is valued in U{n) x U{1). (A detailed 
exposition of this point is in, for example, Ref. [T2].) 

The main features of quantum mechanics are embodied in the geometry of P n and in 
the evolution equation. The superposition principle is tied to viewing P n as a collection 
of complex lines passing through the origin. Entanglement arises from the embeddings 
of the products of two complex projective spaces within a higher dimensional one. The 
geometric phase stems from the symplectic structure on P n . Moreover, the expression (jHJ) 
relating time intervals to intervals in the projective space of the quantum theory is exact. 
A similar relation between the spatial distances and geometric intervals can be established, 
for example by using coherent states |§J E], but only in the H — > limit. This is in fact 
the most crucial difference between temporal and spatial geometry from the point of view 
of quantum geometry. Note that in a general relativistic context, spacetime measurements 
can be viewed as measurements of time j3] . The tension between canonical quantum theory 
and background independent classical spacetime physics is precisely in the way the two treat 
measurements of time (and the corresponding canonically conjugate variable, energy). 

Guided by the quantum equivalence principle, we will now generalize the structure we 
have developed so that the quantum geometry becomes dynamical. The form of the Hamil- 
tonian is fixed by the requirement that H should define a canonical quantum mechanical 
system whose configuration space is space and whose dynamics define a consistent quantum 
gravity in a flat background. We are aware of only one example of a non-perturbative quan- 
tum mechanics that satisfies this criterion: Matrix theory [T3]. In Matrix theory, transverse 
space emerges as a moduli space of the supersymmetric quantum mechanics, while time, on 
the other hand, appears as in any other canonical quantum theory. 

By the correspondence principle, the generalized quantum geometry must locally re- 
cover the canonical quantum theory encapsulated in P n . A coset of Diff(C n+1 ) that locally 
looks like P n and also allows for mutually compatible metric and symplectic structures, ex- 
pressed in the existence of a (generally non-integrable) almost complex structure, supplies 
the framework for the dynamical extension of the canonical quantum theory. The nonlinear 
Grassmannian 

Gr(C n+1 ) = Diff (C n+1 ) /Diff (C n+1 , C n x {0}), (10) 

in the n — > oo limit satisfies the necessary conditions [T^j. This space is a generalization 
of P n . The Grassmannian is a gauged version of complex projective space, which is the 
geometric realization of quantum mechanics. 
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The utility of this formalism is that gravity embeds into quantum mechanics in the 
requirement that the kinematical structure must remain compatible with the generalized 
dynamical structure under deformation. The quantum symplectic and metric structure, and 
therefore the almost complex structure, are themselves fully dynamical. Canonical quantum 
mechanics applies on every local neighborhood in the space of events, and the tangent spatial 
transverse metric emerges from the quantum statistical metric, by ensuring that in the 
semiclassical H — ► limit, the underlying configuration space is space itself. The transverse 
space is a classical moduli space, the space of inequivalent degenerate vacua of the theory. 
The longitudinal spatial coordinate corresponds to the dimensionality of the tangent Hilbert 
space. Time is a measure of the geodesic distance in the space of statistical events. Time 
evolution is contained in the relational properties of general information metrics. 

As before, locally we have a geodesic equation that determines the time evolution of 
states. This is 

where Hm is the Matrix theory Hamiltonian, T^ c is the affine connection associated with 
the general metric g a b, and F a b is the Diff(C n+1 ,C n x {0}) valued curvature two-form. The 
parameter da is defined via | da = M P \ dt, with M P1 the Planck energy. (This is consistent 
with the energy-time uncertainty relation.) Note that da in principle contains very important 
conformal structure, because the effective "charge" in this general context is not ^ but 
instead The geodesic equation follows from the conservation of the energy- momentum 
tensor, V a T ab = 0, in parallel with the analogous reasoning in the context of General Rela- 
tivity [5] (Chapter 20). Since both the metric and symplectic data are contained in Hm and 
are h — > limits of their quantum counterparts, we have a consistent nonlinear "bootstrap" 
between the space of quantum events and the generator of the dynamics [HI EI] ■ 

Physics is required to be diffeomorphism invariant in the sense of information geometry 
provided that the statistical metric and the symplectic structures remain compatible [Hj- 
This is to say, the dynamical evolution equation of the statistical metric is the same as in 
the diffeomorphism invariant theory of matter and geometry: 

Rab — ^9abR — ^9ab = T a b(F a b, Hm)- (12) 

This is the Einstein- Yang-Mills equation on the space of quantum events. (The constant 
term A = (n + l)/h~ for P n , and in this case Mpi — > oo.) Moreover, we must demand for 
compatibility 

V a F ab = -^-H M u b . (13) 

The two equations imply, via the Bianchi identity, a conserved energy-momentum tensor, 
which together with the conserved "current" j a = j^—Hmu 11 , V a j a = 0, results in the 
generalized "non-linear" geodesic Schrodinger equation. As in General Relativity, it is crucial 
to understand both local and global features of solutions to the dynamical equations. 6 



6 Based on general symmetry considerations, the gauged Matrix theory is compatible with other non- 
perturbative formulations of string theory in curved backgrounds, most notably in the AdS/CFT corre- 
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When the metric and symplectic form on phase space become fully dynamical, we con- 
clude that only individual quantum events make any sense observationally. Moreover, the 
requirement of diffeomorphism invariance places stringent constraints on the quantum ge- 
ometry. We must have a strictly (i.e. non-integrable) almost complex structure on the 
generalized space of quantum events. This extended framework readily implies that the 
wavefunctions labeling the event space, while still unobservable, are in fact irrelevant. They 
are as meaningless as coordinates in General Relativity. The physics does not rely on such 
choices. At the basic level, there are only dynamical correlations of quantum events. Ob- 
servables are furnished by diffeomorphism invariant quantities in the quantum configuration 
space. 

One important element of this approach to quantum gravity is the existence of a corre- 
spondence limit between the dynamical quantum theory and the classical Einstein theory of 
gravity coupled to matter. At long wavelengths, once we map the configuration space for 
the states to spacetime, we have General Relativity. Turning off dynamics in the quantum 
configuration space recovers the canonical quantum mechanics. Gauging the quantum me- 
chanics generically breaks supersymmetry. We do not have globally defined supercharges in 
spacetime in the correspondence limit. This explains why there is a cosmo logical constant. 

3 Why the cosmological constant is small 

General quantum theory implies that the vacuum energy is a dynamical observable, and 
not a number (or coupling to be evaluated at some energy scale). Thus it is legitimate to 
talk about fluctuations of vacuum energy. The crucial point of generalized quantum theory 
is that in its context it is possible to make the canonical expectation value for the vacuum 
energy vanish in local regions of spacetime, as well as globally. This crucially follows from the 
quantum equivalence principle, in complete analogy with the general relativistic treatment 
of gravitational energy based on the classical principle of equivalence (see jS], Chapter 19). 
In this section we use a semiclassical limit to relate fluctuations of vacuum energy to its 
canonically conjugate quantity — the effective spacetime volume. Matrix theory provides a 
UV/IR relation to correlate the ultraviolet and infrared scales via the readings of dynamical 
quantum clocks as implied by general quantum theory. Following the quantum equivalence 
principle, we end up with a locally flat spacetime (whose stability will be ensured by the 
super symmetric quantum mechanics we are gauging), independent of global structure. For 
a closed universe, one has a vanishing canonical expectation value for the vacuum energy, 
yet naturally small fluctuations of the same. 

spondence JTj. The dual CFT, in the case of 16 supercharges, is reducible (upon dimensional reduction 
to + 1 dimensions) to Matrix theory. The Matrix theory must capture the physics of local flat regions of 
the AdS space, which according to the principle of equivalence, are physically independent from the AdS 
asymptotics. Thus there is no conflict between gauged Matrix theory and AdS/CFT from the global point 
of view, but the gauged Matrix theory offers a more general formulation of string theory, because it can in 
principle be applied to other backgrounds, such as time-dependent cosmological situations, in which case it 
is not necessarily physically meaningful to adhere to the notions of fixed asymptopia, or global holographic 
screens, or ^-matrix observables, or dual CFTs. 
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3.1 A vs. V 



At each point in the spacetime manifold, the space is locally flat. Locally, the vacuum 
energy is fixed by the quantum theory in the tangent space, which is Matrix theory The 
structure of the light cones is codified in the matrices |14j . The unbroken supersymmetry in 
Matrix theory ensures that the vacuum energy vanishes identically within each given local 
neighborhood. Quasi-locally, the vacuum weighs nothing; its expectation value is zero. This 
must be so for Minkowski space to be a solution to the Einstein equations. The obstruction 
to extending this into a global statement for the manifold as a whole arises from patching 
together the physics of the tangent spaces at different points in spacetime. The observed 
value of the cosmological constant has a natural interpretation as a fluctuation about the 
zero mean. The dynamical, cosmological breaking of supersymmetry gives vacuum a weight. 

In string theory, at least semiclassically, the spacetime is M.^ x /C 6 , where M.± is the 
observed, macroscopic spacetime, and JCq is a compact space, such as Calabi-Yau three- 
fold, whose details will not be important for our purposes. The smallness of the observed 
cosmological constant A is a statement about the largeness of the manifold Ai^. 

In semiclassical gravity, the cosmological constant arises in the Einstein-Hilbert action 
as a prefactor for the volume of the four- dimensional 7 spacetime M.±. 



As it is the product A- V that appears, A and V should be regarded as canonically conjugate 
quantities. In a quantum theory, we expect that the fluctuation in one observable is related 
to fluctuations in its conjugate. Thus (see also [T%1 IT§1 120*1 I2T])- 



This is an energy-time uncertainty relation in the spacetime (the string theory target space). 
The preferred value of the cosmological constant is identically zero. The existence of a 
measured vacuum energy is the consequence of quantum fluctuations about the zero value. 
Fluctuations in A are inversely related to fluctuations in V. 

Fluctuations in the volume of spacetime are fixed by statistical fluctuations in the number 
of degrees of freedom of the gauged quantum mechanics. In Matrix theory, the eigenvalues of 
the matrices denote the positions of DO-branes which give rise to coherent states in gravity 
[I"""" . Off-diagonal terms in Matrix theory break the permutation symmetry and render the 
DO-branes distinguishable. Therefore, to enumerate the degrees of freedom, we employ the 
statistics of distinguishable particles. The fluctuation is given by a Poisson distribution, 
which is typical for coherent states. 

The fluctuation of relevance for us is in the number of Planck sized cells that fill up the 
configuration space (the space in which quantum events transpire). That is to say, 




(14) 



AA AV ~ h. 



(15) 



(16) 



pi 



In Section 4, we will see that there is something special about four spacetime dimensions! 
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In D spacetime dimensions, the Newton constant Gd and the Planck constant h go as 



G D ~ E%~ 3 Mpj 1 , n ~ 4>i Mpi. (17) 
Thus, eq. (fT5j) informs us that 



k h {D-A)/2(D-2) 



AA 

In particular for D = 4, we have 

AA ~ — = — . (19) 
VV G 4 

It is this A A that is the observed vacuum energy or cosmological constant. Because the 
volume of spacetime is large, the cosmological constant is small. 

Finally, we need to address the question of the sign of the fluctuations of the vacuum 
energy. 8 A priori, it seems that there is no restriction of the sign of the fluctuation, in which 
case one might face serious observational problems last reference). In our context, the 
positive sign of vacuum energy fluctuations might be favored in the probability distribution 
for A that is in principle computable in the "non-linear" and "non-equilibrium" context of 
generalized quantum theory. Based on the general considerations, we expect a probability 
distribution that is a corrected Gaussian (as in typical "non-equilibrium" considerations), 
consistent with the fluctuation estimate presented above. A computation of this probability 
would be also crucial for the understanding of the coincidence problem, as we briefly allude 
to at the end of this paper. 



3.2 UV vs. IR 

How small is the cosmological constant? To answer this question it is important to remember 
that the cosmological constant connects the ultraviolet (vacuum degrees of freedom) and the 
infrared (large-scale dynamics). The spacetime uncertainty relation [22] in string theory 
accounts for the mixing of scales. In perturbative string theory, modular invariance on the 
worldsheet translates in target space to the spacetime uncertainty relation: 

AT AX tr ~ £ 2 S ~ a'. (20) 

(Here, T is a timelike direction, and X tr is a spacelike direction transverse to the lightcone.) 
Scales on configuration space — and thus in the semiclassical limit, on the string target 
space — are determined by AT, which provides a clock in General Relativity through which 
relative distances between events are measured. The spacetime uncertainty relation is a 
statement about conformal invariance and consistency of the worldsheet theory. This is a 
statement about the internal space and is logically distinct from the uncertainty relation 
between AV^ and AA. 

8 We thank Don Marolf for a crucial comment regarding this issue. 



11 



The spacetime uncertainty relation from perturbative string theory lifts to M-theory. 
To be precise, we consider the strong coupling limit of type IIA string theory j2H|. Non- 
perturbatively, the eleven-dimensional Planck length £p\ = h and the size of the M- 
theory circle that extends at large string coupling set the string scale a' = £py/r. The 

1/3 

radius r = g s £ s of the circle determines the maximal uncertainty in Xi ong , the longitudinal 
direction in the Matrix theory limit, which implies that 

AT AX tI AJf long ~ £ Pl , (21) 

a cubic relation consistent with the existence of membranous structures in M-theory [22J. 
The Planck energy and the geodesic distance on the space of quantum events are related by 

h As ~ Mpi AT. (22) 

Although h and Mp\ are given, dimensionful numbers, the time dependence is not a priori 
fixed. Generalizing what we have already said, we have hds = AE g dt, where the dispersion 
in energy in the presence of a gravitational coupling for a given matter Hamiltonian is de- 
termined by AE = (tp\Hg\ifj) — {{ip\H g \ip)) 2 where H g is the matter Hamiltonian in a given 
gravitational background. For example, the known redshift formula in the constant gravi- 
tation field comes out immediately: physically, we have a quantum clock in a gravitational 
field, which is how the redshift is determined experimentally — once again, measurements 
in spacetime are always measurements of time, in General Relativity jSj- Note that here we 
have a complete analogy between the known fact that gravitational redshift demands curved 
spacetime [5], and that quantum gravitationally shifted vacuum energy demands curved 
quantum geometry. 

In eq. (I22J) . As is dynamical and can grow or shrink, depending upon the background. 
The geodesic distance in the gauged quantum mechanics contains a dynamical conformal 
factor, to account for the dynamical causal structure (arising from the compatibility of the 
generalized dynamical metrical and symplectic structures of quantum theory). The size of 
spacetime is obtained in the semiclassical limit by the measure on the space of quantum 
events. 



3.3 Gravitational see- saw 

Unlike the usual formulation of quantum mechanics, this discussion is not couched as a 
dispersion relation for the Hamiltonian. When a photon falls in a uniform gravitational field, 
the Hamiltonian acquires a gravitational potential. This feeds into the dispersion relation, 
which alters the measurement of the clock. The conformal factor we have introduced is a 
redshift parameter that serves the identical purpose. This bears an analogy to the Randall- 
Sundrum constructions in which an exponential warp factor explains the hierarchy between 
electroweak and fundamental scales [21] • The redshift factor similarly explains the hierarchy 
between the cosmological constant and the Planck energy. 

We estimate the line element on the space of probabilities to scale as 

ds ~ e" 5rfr , (23) 
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where S e s denotes the low-energy (Euclidean) effective action for the matter degrees of 
freedom propagating in an emergent (fixed) spacetime background. This is the usual estimate 
based on the canonical quantum theory, as formulated in terms of path integrals, in a semi- 
classical limit. 

The spacetime uncertainty relation becomes 



The product of the ultraviolet cutoff (the maximal uncertainty in the transverse coordinate) 
and the infrared cutoff (the maximal uncertainty in the longitudinal coordinate) is thus 
exponentially suppressed compared to the Planck scale. There is a gravitational see-saw |16j . 
Within an emergent spacetime background, at low energies, we locally have a supergravity 
theory, but there is in general no globally defined supersymmetry. Moreover, a timelike 
Killing direction is only a local notion. 

All the physics is in the effective action S e s obtained from dimensional reduction of the 
matrix formulation of M-theory on the appropriate background. Our discussion regarding 
S e s is qualitative rather than explicit for two reasons. Firstly, a non-perturbative technology 
for treating Matrix theory in an arbitrary background is presently lacking. Secondly, our 
mathematical knowledge about the geometric structure of the infinite dimensional Grass- 
mannian Gr(C n ) in the n —>■ oo limit, which defines the generalized quantum mechanics over 
the full spacetime manifold, is incomplete. An improved understanding of these structures 
is necessary to lend rigor to the scaling arguments that we make. 

As we have already pointed out, gauging the geometric structure of canonical quantum 
mechanics generically breaks supersymmetry. From AA tr AAi ong ~ g^cff £pj ; it follows that 
the effective scale of (in general, cosmological) supersymmetry breaking m susy provides an 
estimate for the vacuum energy in four dimensions as implied by the gravitational see-saw: 



This is how much the vacuum weighs The cosmological breaking of supersymmetry 

argues the intimate connection between the volume of spacetime and the observed vacuum 
energy In the u> — > limit, we recover supersymmetry in spacetime and diffeomorphism 
invariance in the space of quantum events. The numerical smallness of the vacuum energy 
density is thus consistent with the principle of naturalness in that the vanishing of a dimen- 
sionful quantity restores a dynamically broken symmetry. Note that in this approach the 
non-perturbative stability of local Minkowski regions (as needed by quantum equivalence 
principle) is due to the fact that we are gauging a supersymmetric quantum theory, which 
is also responsible for the local vanishing of vacuum energy. 

4 Comment on holography 

It is well known that holography provides heuristic support for a cosmological constant far 
smaller than the exaggerated expectations of effective field theory. According to holography, 



AA tr AX] 



long 




(24) 




(25) 
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the degrees of freedom of gravity in D spacetime dimensions are captured by equivalent 
non-gravitational physics in D — 1 dimensions [27|. The relation between holography and 
the cosmological constant was explored in Refs. |2E1 12H1 EH] • 

To be precise, we briefly recall Thomas's holographic analysis of the cosmological constant 
\,M\ . Suppose there are D spacetime dimensions, each with a characteristic scale R. The 
holographic bound demands that the entropy (the number of degrees of freedom Adof) scales 
as the area This is a (D — 2)-dimensional surface, so 

m - * IS- (26) 

From the uncertainty principle, the energy of each independent degree of freedom scales as 

E ~ I" (27) 
All the degrees of freedom contribute equally to the vacuum energy density: 

A ~^°<#T~7pb (28) 

The dependence on h has cancelled in the last expression, so this vacuum energy density 
should survive the semiclassical (h — > 0) limit. Here, the cosmological constant A is a 
prescribed, fixed number. It is determined by the size R of the regularized "box." Note that 
this is somewhat naive, because the characteristic sizes of spatial and temporal directions do 
not have to be the same, as discussed in the previous section. 

We notice that the fluctuation AA that we obtain in eq. (|T8|) matches this scaling, but 
only when D = 4. A Poisson fluctuation in the holographic degrees of freedom Adof will 
not recover the holographic scaling of the cosmological constant. The fluctuation we have 
considered is in the volume of the quantum mechanical configuration space rather than in 
a codimension one structure. The reason that this is consistent is that we have applied the 
principle of equivalence at each point in spacetime. In the scheme that we have proposed, 
holography enters in the choice of the quantum theory compatible with having Minkowski 
space as a local solution, namely through Matrix theory. Holography is "local," in the sense 
of the equivalence principle. There does seem to be some tension, however, with global 
holography, which might be a useful concept only for certain physics questions. 



5 Lessons of A 

Because the future causal structure of spacetime is unknown, a global S'-matrix description 
of our Universe is unavailable. From the viewpoint of the generalized quantum theory, a 
wavefunctional approach a la Wheeler-DeWitt jHS] seems poorly formulated. In the general 
quantum theory we can have dynamical statistical correlations between the past and today. 
The observables of quantum gravity are these dynamical correlations in the configuration 
space of the quantum theory. A functional approach to quantum gravity is to consider a 
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canonical theory of quantum mechanics (Matrix theory) at every point in spacetime, where 
spacetime is here regarded as a semiclassical geometry that arises from identifying the con- 
figuration space with the physical space in the h — > limit. This is an application of the 
correspondence principle that ensures that at long wavelengths we recover General Relativity. 

In gauging quantum mechanics to lift the ten-dimensional (or eleven-dimensional) vac- 
uum, we obtain a vacuum energy that corresponds to the cosmological scale of supersym- 
metry breaking. The second cosmological constant problem nevertheless persists: why is 
Q A « fi m attcr today! This could be an accident of living in the present epoch jSl]. We would, 
in view of the main point of this paper, prefer to view the cosmic concordance problem 
through a different dynamical lens, one might want to term "the universe as an attractor." 

The classic reference [33] considers linear perturbation theory in a Friedmann-Robertson- 
Walker (FRW) background for a certain density of matter and a certain vacuum energy and 
and then deduces an a priori probability for the vacuum energy so that 

1. gravitational bound states appear at large scales; 

2. the fundamental constants are held fixed; and 

3. the probability distribution is independent of a bare vacuum energy, which permits the 
use of Bayesian statistics. 

It is in holding the constants fixed that considerations based on observer bias, i.e. anthropic 
selection, takes place. We may be able to apply a similar reasoning with generalized quantum 
mechanics, but without resorting to anthropic selection. In the framework of gauged quantum 
mechanics, non-Gibbsian quantum probability distributions are dynamically possible, for 
example as perturbations of the usual path integral, around the Fisher metric. Anthropic 
reasoning is evaded because we have an S e ff that can in principle be obtained directly and 
exactly from Matrix theory. Thus a dynamical resolution of the coincidence problem might 
be possible. We need to explore "non-linear" and "non-equilibrium" features of generalized 
quantum theory in order to examine this possibility in detail. This is work in progress. 
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